By use of the gauge-invariant variables proposed by Kodama and Ishibashi, we obtain the most general perturbation equations in the (m + n)-dimensional spacetime with a warped product metric. These equations do not depend on the spectral expansions of the Laplace-type operators on the n-dimensional Einstein manifold. These equations enable us to have a complete gauge-invariant perturbation theory and a well-defined spectral expansion for all modes and the gauge invariance is kept for each mode. By studying perturbations of some projections of Weyl tensor in the case of m = 2, we define three Teukolsky-like gauge-invariant variables and obtain the perturbation equations of these variables by considering perturbations of the Penrose wave equations in the (2 + n)-dimensional Einstein spectime. In particular, we find the relations between the Teukolsky-like gauge-invariant variables and the Kodama-Ishibashi gauge-invariant variables. These relations imply that the Kodama-Ishibashi gauge-invariant variables all come from the perturbations of Weyl tensor of the spacetime.
I. INTRODUCTION
Any gravitational perturbation theory is gauge dependent. To define the perturbation variables, we have to chose an identification mapping between the manifold of background spacetime and the manifold of perturbed spacetime [1] , therefore choosing a mapping just defines a gauge. A perturbation variable under two different gauges is related by gauge transformation. On the level of linear perturbation, this gauge transformation is simply the Lie derivative to the corresponding unperturbed tensor field along the generator of some differmorphism of the background spacetime. We have to face the problem of gauge when one studies the perturbation of a spacetime. One way is to choose some physically preferred gauges, and another one is to establish a so called gauge-invariant perturbation theory. In the gauge-invariant theory, the perturbation variables remain unchanged under gauge transformation. The complete set of all the gauge-invariant variables in the gauge-invariant perturbation theory determines a gauge in some sense.
The linear perturbation of a four dimensional Schwarzschild black hole was first studied by Regge and Wheeler in 1957 [2] . By selcting a gauge for the waves with odd and even parities (Regge-Wheeler gauge), they showed the final radial wave equations are second order ordinary differential equations. Further, in the odd parity case, the radial equations can be put into a form of a single second order Schrodinger-type equation (Regge-Wheeler equation) , and the four dimensional Schwarzschild black hole is showed stable under the linear perturbation. In 1970, Zerilli showed that with the Regge-Wheeler gauge, in the even parity case, the perturbation equations can also be transformed into a Schordinger-type wave equation (Zerrili equation) [3] . In the middle of 1970's, based on the Hamiltonian formalism for spherically symmetric gravitational fields, Moncrief proved that the perturbed constraints commute to each other (under Possion brackets) and are the generators of the gauge transformation. Based on this result, some gauge-invariant canonical perturbation variables were defined for a Reissner-Nordstrom black hole, and the Regge-Wheeler like equations were obtained by reduced Hamilton equations [4] . This work showed that although in the discussions by Regge, Wheeler, and Zerilli, the so-called Regge-Wheeler gauge is used, the final perturbation equations turn out to be gauge-invariant [5] .
In those works, all the perturbation variables are expanded by the harmonic tensors (scalars, vectors and symmetric rank-2 tensors) on the two dimensional transverse sphere of the four dimensional spacetime. Further, the radial equations of perturbations are second order differential equations on the two dimensional spacetime spanning by time and radial coordinates. This structure suggests an idea on the split of the four dimensional spacetime into a product of a two dimensional sphere and a corresponding two dimensional orbit space. In 1979, Gerlach and Senguputa proposed a gauge-invariant perturbation theory for a general four dimensional spherically symmetric spacetime [6] . The metric of the spacetime is put into a form with "2 + 2" warped product, and gauge-invariant perturbation variables are defined by the combination of the usual perturbation variables of the metric and energy-momentum tensor. The linear perturbation gravitational equations can be nicely transformed into the equations of these gauge-invariant variables. Odd-parity and even-parity master equations are both obtained as wave equations on the two dimensional orbit space.
II. THE DECOMPOSITION OF EINSTEIN EQUATIONS AND PERTURBATION EQUATIONS

A. Background Spacetime and the Decomposition of Einstein Equations
Let us consider a D = m+n dimensional spacetime (D D , g MN ) which has a local direct product manifold D D = M m ×N n and a metric with warped product
where coordinates x M = {y 1 , · · · , y m ; z 1 , · · · , z n }. The two-element set denoted by (M m , g ab ) has a Lorentian signature, while (N n , γ ij ) is Riemannian. The metric compatible covariant derivatives associated with g MN , g ab , and γ ij are denoted by ∇ M , D a , andD i , respectively. Further, the Reimannian manifold (N n , γ ij ) is assumed to be Einstein, i.e.,
whereR ij is the Ricci tensor of (N n , γ ij ), and K is a constant. Based on these definitions and assumption, the nontrivial components of Riemann tensor R MN L K is given by
Here m R abc d andR ijk l are the Riemann tensors of (M m , g ab ) and (N n , γ ij ), respectively, and (Dr) 2 = D a rD a r = g ab D a rD b r. By these, it is easy to find the expressions for the components of the Ricci tensor of the spacetime, Thus the Einstein equations can be decomposed into two parts: According to the metric (2.1), any energy-momentum tensor T MN has a decomposition T MN = diag{T ab (y), r 2 P (y)γ ij }, where T ab and P both depend only on the coordinates {y a }. And κ 2 = 8πG. By using the decomposition of the Einstein equations, we find that in the case m = 2, the nontrivial components of the Wyel tensor (denoted by W M1M2M3M4 ) of the spacetime are given by , c 2 = n − 1 2n(n + 1) , c 3 = 1 n(n + 1)
, (2.9) and ψ ab is the traceless part of T ab according to the metric of (M 2 , g ab ) , i.e., ψ ab = T ab − (1/2)g ab T have the symmetry of the Riemann tensor in the two dimensional space (M 2 , g ab ), one can easily find that term is identically vanishing [21] . The scalar w is defined by
The tensorŴ ijkl has a formŴ 11) which is just the Weyl tensor of the Einstein manifold (N n , γ ij ) when n > 3. Note that two or three dimensional Einstein manifolds are maximally symmetric, thereforeŴ ijkl always vanishes when n = 2 or n = 3.
B. Decomposition of Linear Perturbation Equations
To extract the tensor, vector, and scalar parts of a given perturbation variable according to the tensor decomposition theorem of the Einstein manifold (N n , γ ij ), we have to decompose the perturbation variable in the same way like the background geometric quantities.
Considering a metric perturbation g MN → g MN + h MN , the linear perturbation equations of Einstein gravity are given by
where h = g MN h MN . The decomposition of the equations are complicated. Considering
one can see that the decomposition is completed once the decomposition of δR MN is done (The expression of δR MN can be found in AppendixA). After some calculations, we have
and
where∆ = γ ijD iDj corresponds to the Laplace-Beltrami operator of (N n , γ ij ). These two equations actually are the same as the results in the Appendix of [7] . The difference appears in the perturbation of R ij , which is given by
The Riemann tensorR ijkl appears in the fourth line of this equation because (N n , γ ij ) is assumed to be a general Einstein manifold but without the assumption of maximal symmetry. When (N n , γ ij ) is maximally symmetric, this equation reduces to the one in [7] . Substituting above results into Eq.(2.12), we can obtain the decompositions of the linearly perturbed Einstein equations.
III. GAUGE-INVARIANT PERTURBATION VARIABLES AND PERTURBATION EQUATIONS
A. Gauge invariant variables of perturbations
In this section, we give a brief review on the gauge-invariant variables introduced by Ishibashi and Kodama in 2011 [14] . The existence of the Einstein manifold (N n , γ ij ) allows us to classify the metric perturbation h MN into tensor, vector and scalar parts. The variable h ab clearly belongs to the scalar part according to the differmorphism of (N n , γ ij ), while h ai and h ij are vector and rank-2 symmetric tensor, respectively. They are decomposed as
The tensor h
T ij is transverse trace free, and vectors h (1) ai and h
T i are both divergence free. h a , h T , and h L are scalars on (N n , γ ij ). So the scalar part of h MN is given by (h ab , h a , h L , h T ), and the vector part includes (h
T i ), while tensor components are simply h (2) T ij . Similarly, for the perturbation of the energy-momentum tensor, i.e., δT MN , we have
So the perturbations of the energy-momentum tensor can also be classified into scalar, vector, and tensor parts, i.e., (δT ab , δT a , δT L , δT T ), (δT
T i ), and δT
T ij . These components are not gauge-invariant except for the tensor components. However, by studying their gauge transformations, one can consider some combination of them and construct some gauge-invariant variables. For the metric perturbation h MN , one finds the gauge-invariant quantities
while for the perturbation of energy-momentum tensor δT MN , the gauge-invariant variables are
ai , τ
ij ; Σ
These gauge-invariant variables are defined as follows [14] :
where X a and X L are respectively given by
These gauge-invariant variables are independent of the spectral expansions on the Einstein manifold (N n , γ ij ). These are different from those in [7] where the gauge-invariant variables are defined mode by mode.
The perturbation equations of these gauge-invariant variables will be given in the next subsection. Here we give some remarks on these gauge-invariant variables. First we notice that the geometric meanings of some variables are absent. For example, it is not so easy to understand the geometric meaning of the variable F (0) ab . We will give an appropriate explanation of these variables in the case of m = 2 in subsection VI D. Second, in the tensor decomposition theorems on (N n , γ ij ), there are some ambiguities [10] . These ambiguities will cause that these gauge-invariant variables are defined up to some uncertainty. These uncertainties of gauge-invariant variables are just the tensors belonging to the kernel of some elliptic operators (such as∆ and ∆(∆ + nK)). For example, h a (y, z) in Eq.(3.1) can be changed to h a (y, z) + f a (y), where f a depends on the coordinates {y a } only. However, it is clear that these ambiguities can be removed by redefining the variables in (3.7) [10] .
B. Equations of the Gauge-invariant Variables
Tensor perturbation
Let us first discuss the tensor perturbation by setting
From the linear perturbation δG MN + Λh MN = κ 2 δT MN , we find that the nontrivial component of this equation is δG ij + Λh ij = κ 2 δT ij , and it can be expressed as
where∆ L is Lichnerowicz operator acting on the symmetric rank-2 tensor on (N n , γ ij ). The relation between this operator and usual Laplace-Beltrami operator is given by Weitzenböck formula:
where s ij is an arbitrary symmetric tensor field on (N n , γ ij ). Since we are considering (N n , γ ij ) as an Einstein manifold, we can replace the Ricci tensorR ij by (n − 1)Kγ ij , and obtain
whereŴ ikjl is the Weyl tensor of the Einstein manifold (N n , γ ij ). Furthermore, in the maximally symmetric space case, one has∆ L s ij = (−∆ + 2nK)s ij . It should be stressed here that h
T ij does not exist when n = 2, because it is transverse trace free, h (2) T ij must have vanishing degrees of freedom. This in fact reflects the fact that in four dimensions, there does not exist radial gravitational radiation.
Vector perturbation
To get the vector part of the perturbation equations, we consider the perturbations with
In this case, the nontrivial component of the linear perturbation equations is δG ai + Λh ai = κ 2 δT ai . After some calculations, this equation can be expressed as
ai .
(3.14)
Another nontrivial component is δG ij + Λh ij = κ 2 δT ij . This equation can be written as
Eqs. (3.14) and (3.15) are just the perturbation equations for the vector-type gauge-invariant variables.
Scalar perturbation
Let us consider the scalar perturbation as
After long and tedious calculations, we find that the perturbation equation δG ab + Λh ab = κ 2 δT ab can be expressed as
The perturbation equation δG ai + Λh ai = κ 2 δT ai giveŝ
The trace part of the equation δG ij + Λh ij = κ 2 δT ij can be written as 19) while the trace free part of the equation
Eqs. (3.17) , (3.18) , (3.19) and (3.20) are the equations of the scalar perturbations. By now, we have obtained all the equations for the gauge-invariant variables. These equations are related to each other by the perturbation of Bianchi identity. This will be shown in next subsection.
C. The perturbation of Bianchi identity
Consider the conservation equation of energy-momentum tensor, i.e., ∇ M T M N = 0, which is equivalent to the Bianchi identity in Einstein gravity theory, we have
where
This equation can also be decomposed according to the warped product of the spacetime. After some calculations, we find
Note that from Eqs. (3.14), (3.15) , (3.18) , (3.19) and (3.20) , we have the following two relations
This suggests that the equation (3.24) can be split into two parts: one is the scalar part with superscripts (0) and the other vector part with superscripts (1), and δ(∇ M T M i ) = 0 is automatically satisfied once those perturbation equations (3.14), (3.15) , (3.18) , (3.19) and (3.20) are satisfied. In addition, we have from (3.23) that
This scalar equation is also automatically satisfied if equations (3.17), (3.18) , and (3.19) hold. Thus, according to the decomposition theorem of tensor on the Einstein manifold, we have obtained perturbation equations of gauge-invariant variables for Einstein gravity in the (m + n)-dimensional spacetime with a warped product metric. It was shown that these equations are related to each other through the perturbation equation of Bianchi identity. With the gauge-invariant variables in(3.7) and our perturbation equations presented above, now a complete gauge-invariant perturbation theory can be accomplished.
IV. SPECTRAL EXPANSION
One can use the eigen-tensors defined in [14] to expand all the perturbation equations above, and get the same results as in [14] (and references therein). However, we will here adopt a little bit different expansion. In this spectral expansion, the physical meanings of some special modes are clear, and the gauge-invariant properties of these modes are naturally preserved.
A. Tensor perturbation
In this case, our analysis is the same as the one in [14] . Here we present the corresponding result for completeness. Consider the eigenvalue problem of the Licherowicz∆ L on the Einstein manifold (N n , γ ij ):
where the symmetric tensor
with H T = H T (y) and τ T = τ T (y), one can get the master equation on the expansion coefficients H T and τ T :
Note that in general the eigenvalue of∆ L is not easy to find out. From Eq.(3.12), we havê
so it might be possible to choose the coordinates z i such that T ij is an algebraic eigenvector of the matrixŴ i k j l (which is viewed as a mapping acting on symmetric transverse traceless tensors) to estimate the eigenvalue λ L [22, 23] .
B. Vector perturbation
Since only the Laplace-Beltrami operator∆ appears in the equations (3.14) and (3.15) , this suggests that the harmonic expansions are enough. Considering the harmonic vector field (one-form) on (N n , γ ij ) 5) and the expressions in (3.13), we can expand the gauge-invariant variables as
Note that here we have not used the vector-type tensor [7, [11] [12] [13] [14] . The expansion of τ (1) ij can be easily understood from the expression of the τ
ij in (3.13) in terms of the perturbation variables h
T i and δT
T i :
Note that from (3.7), we can have
Substituting the expansions (4.6) into the vector perturbation equation (3.14), we have
Similarly, Eq. (3.15) and Eq.(3.25) can be changed into
It can be seen clearly that the above three equations are valid for any modes, even for the k = 0 mode. However, for the modes withD (i V j) = 0 , Eq.(4.10) is trivially satisfied. These modes are called exceptional modes, and the remains are generic modes [14] . They will be discussed separately.
generic modes
let us first consider the generic modes, i.e.D (i V j) = 0, such thatD (i V j) can be eliminated from Eq.(4.10). This meanŝ
Therefore when k 2 − (n − 1)K = 0, we have three equations: Eq. (4.9), Eq.(4.11), and
These three equations are not independent. Actually, by considering the differential of Eq.(4.9) and Eq.(4.11), we can obtain Eq.(4.12). Eq.(4.11) just means that τ T is totally determined by τ a . Thus, for each such kind of modes, we have m equations for m independent variables coming from F a if τ a is regarded as a known source term.
exceptional modes
For the special modes withD (i V j) = 0, Eq.(4.10) is trivially satisfied and does not give any constraint between F a and τ T . From the perturbation equation of the Bianchi identity, i.e., Eq.(4.11), we have 13) and Eq.(4.9) becomes
These two equations are also not independent. By considering the divergence of Eq.(4.14), one can obtain Eq.(4.13). Then, we still have m equations for m variables (from F a ). In this case, the source term has to satisfy Eq.(4.13) and τ a has nothing to do with τ T . Note that in the Kodama-Ishibashi formalism, for these exceptional modes, h
(1)
T i and τ T are not well defined [14] . Instead, in our expansion, these perturbation variables are well defined and are of obviously physically meaningful: h T i and δT (1) T i correspond to Killing vectors of (N n , γ ij ) for the exceptional modes. Further, τ T is no longer arbitrary and instead it is determined by the combination of the coefficients of h
T i and δT (1) T i in Eq.(4.8). In addition, let us mention that τ T does not enter into the vector perturbation equations, and this is quite different from the case with generic modes.
C. Scalar perturbation
In this case, as the case of vector perturbation, only the Laplace-Beltrami operator appears in the scalar perturbation equations (3.17), (3.18) , (3.19) and (3.20), we therefore need only to consider the harmonic function on (N n , γ ij ):
From the forms in (3.16), it is natural to expand the scalar-type gauge-invariant variables in (3.7) as
Note that these expansions have some differences from those in [7, [11] [12] [13] [14] , here we have not used the scalar-type tensors as in [7, [11] [12] [13] [14] . Substituting these expansions into the scalar equation (3.17), we have
This is exactly the same as in [7] . The second equation (3.18) of scalar perturbation is transformed to
For the zero mode, i.e., k = 0, the harmonic function S must be a constant because the Laplace-Beltrami is nonnegative. In this case, the above equation is trivially satisfied. The third equation (3.19) becomes
This expression is the same as the one in [7] . Finally, the last equation (3.20) for the scalar perturbation can be reduced to
Once again, for the zero mode, this equation is trivially satisfied. Further, a simple investigation
suggests that this equation is also trivially satisfied when k 2 = nK. To see this, we notice the following identity
This implies thatL ij S will be vanishing onceD jDiL ij S = 0. This can be obtained by integrating the both sides of above identity on N n , with the assumption that N n is closed or the function S is of required asymptotic behaviors. On the other hand, for the perturbation equations of the energy-momentum conservation equations (3.26) and (3.27), we have
These two equations give the relations among the coefficients of the source terms, i.e., Σ ab , Σ a , Σ and τ T , and at the same time reveal the relations among the mode equations for the scalar perturbations. Here, we have corrected a typo in [7] , the factor "n" in the last two terms of the equation (4.24) has been missed in [7] .
generic modes
In the case k 2 (k 2 − nK) = 0,D i S andL ij S are both non-vanishing, and they can be removed from both sides of Eqs.(4.18) and (4.20) . Thus for generic modes, we have four equations, i.e., Eqs.(4.17), (4.19) and following two:
In addition, we have from (4.23)
Eq.(4.24) together with this equation provides m + 1 constraints on the coefficients of sources Σ ab , Σ a , Σ and τ T . Thus one has m(m + 1)/2 + 1 gauge-invariant variables of scalar perturbations and the independent equations of perturbations with the same numbers of gauge-invariant variables . Therefore, in principle, this system can be solved once the source terms are given.
zero modes
In the case of k = 0,D i S andL ij S are both vanishing. (4.19) . The perturbation equations of the Bianchi identity (4.23) and (4.24) are both nontrivial. In this case, it is easy to see that τ T is totally free and has no contribution to the dynamics of these modes.
Note that as in the vector perturbation case, for some exceptional modes and zero mode of scalar perturbations, some variables are not well defined in the Kodama-Ishibashi formalism, instead these cases do not appear here in our expansion.
V. THE CASE OF m = 2
When m = 2, we find that the perturbation equations of gauge-invariant variables can be simplified. For the vector perturbations, we can write down the master equation of the perturbations, while for the scalar perturbations, we can also obtain the master equation of perturbation in the case without source. In this section we show these results.
A. Vector Perturbation
From the vector perturbation equation (3.14), we can obtain
where ǫ ab is the Levi-Civita tensor on (M 2 , g ab ). The first term in the left side of above equation is an exact 1-form in (M 2 , g ab ). Thus we can introduce a function Ω i so that
where Ω i is a scalar on the two dimensional space (M 2 , g ab ), but it is a vector field on the Einstein manifold (N n , γ ij ), and
By acting operator ∆ + (n − 1)K on both sides of the above equation, we get
By redefining Ω i , we can always set C = 0. In this way, we can obtain the master equation of vector perturbation
We can expand Ω i and τ (1) ai as Ω i = ΩV i and τ
(1) ai = rτ a V i by using the harmonic vectors in Eq.(4.5), and can obtain the equations of Ω for each mode. This equation (5.6) is our main result of this subsection.
B. Scalar Perturbation
In this case, for simplicity, we consider the case without matter fields. To simplify the expressions of equations, we first define
The traceless part of the perturbation equation (3.17) then becomes
while the trace part of (3.17) is given by
It is found that the difference between Eq. (5.9) and Eq.(3.19) is given by
In this case, Eq.(3.18) becomeŝ
And Eq.(3.20) is changed toL
Note that when the matter fields are absent, we have
The last one in the above equations implies that D a D b rZ ab = 0 and we can have a Killing vector field
This can be easily checked by the following equation:
In fact, ξ a is just the so-called Kodama vector proposed in [24] . When the source terms are absent, we haveL ij J = 0, and then the equation (5.11) can be written as
(5.14)
Note that, here and after, the action ofL ij on both sides of some equations is assumed so that the terms including "J" can be dropped out. Using (5.14) and consideringL
we see that Eq.(5.9) can be changed to
By defining σ = r n X, this equation becomes
where W ab = Z ab − (1/2)nXg ab and the operator E[φ] is defined by 17) and the potential U σ is given by 
Since ξ a is a Killing vector field on (M 2 , g ab ), we have
This implies that one can define a scalar τ on (M 2 , g ab ) as
Considering ǫ ab ǫ cd = g ad g bc − g ac g bd , we have
By these relations, it is easy to find
Now, we can express W ab in terms of τ . For instance, the right hand of Eq.(5.16) can be rewritten as
And Eq.(5.19) can be expressed as 27) where Ψ = rξ c D c τ , Φ = ξ c D c σ and
Furthermore, taking use of the Killing vector ξ, Eq. (5.16) can be changed to 
Note
However, after some manipulations, we can arrive at our goal. To see this, let us notice that from (5.14) and (5.24), we can have
The difference between this equation and Eq.(5.27) gives
Substituting (5.32) into (5.30), we arrive at
where Ξ = Φ − Ψ. This is a second order PDE of Ξ in the orbit space (M 2 , g ab ).
To further simplify this equation, let us define a scalar Ω as
Thus Eq. (5.34) can be rewritten as
This equation can be further changed to
Finally we obtain the master equation of scalar perturbation
where we have assumed that the operator H is invertible, and the effective potential is given by
Some remarks on the master equation are in order.
(1). Equation (5.38) is a wave equation on (M 2 , g ab ) for the master variable Ω. We can expand Ω by using the harmonic functions on (N n , γ ij ), and get the mode equations. Similar mode equations have been obtained in [11, 12] , where the Fourier transformation with respect to the Killing time coordinate has been used. Here we have obtained the master equation for the scalar Ω by using the properties of the Kodama (Killing) vector.
(2). We notice that the inverse operator H −2 appears in the effective potential of scalar perturbation and similar situation also appears in Refs. [11, 12] . But such inverse operators do not occur in the case of tensor and vector perturbations.
(3). When matter fields are present, the situation becomes complicated. We believe similar master equation can also be obtained if the Killing vector ξ exists in the warped spcetime.
(4). It should be stressed here that the equation (5.38) is valid in the sensê
With the same assumptions below Eq.(4.22), this is equivalent to
This means that if the eigenvalue of the operator∆(∆ + nK) vanishes, the above equation is trivially satisfied. In this case, one is not able to study these special modes of perturbations, and other methods are required. This is because we have applied the operatorL ij on the general equation for the scalar perturbation in order to get the master equation (5.38). Similar situation also appears in [11, 12] . (5) . The limitation on Eq.(5.38) discussed in item (4) can be removed as follows: We can always redefine the gauge-invariant variables by the ambiguities mentioned at the end of subsec.III A such that J is vanishing (but not merelyL ij J = 0). Similar consideration can be applied to get Eq.(5.14). By these redefinitions and the same procedure starting from Eq.(5.15), one can find that Eq.(5.38) exactly holds without the limitation.
VI. WAVE EQUATION OF WEYL TENSOR FOR EINSTEIN SPACETIME
Based on the Newmann-Penrose formalism [15] , Teukolsky found the celebrated perturbation equation-Teukolsky equation for general Type D spacetimes in four dimensions [16, 17] . Actually, one can also get the gravitational perturbation equation from the perturbed Penrose wave equation, for example, see references [25] and [26] , where the Newmann-Penrose frame also plays a crucial role. Unfortunately, in general, one cannot define the Newmann-Penrose frame in higher dimensions. To classify the Weyl tensor in higher dimensions, one has to introduce some generalized frame [27, 28] . For example, the so called Geroch-Held-Penrose (GHP) frame in four dimensions [29] has been generalized to the case in higher dimensions [30] .
In this section, we will introduce some Teukolsky-like gauge-invariant variables without using GHP frame or its higher dimensional generalization and obtain perturbation equations of these variables from the perturbed Penrose wave equations.
A. Penrose wave equation
From now on, we focus on an Einstein spacetime. In this case, the Ricci tensor of the spacetime satisfies
By considering the covariant derivative of the Bianchi identity for Riemann tensor, the Weyl tensor of the spacetime satisfies (see Appendix B for details)
This is the Penrose wave equation with a cosmological constant in (n + 2) dimensions. For the warped spacetime (2.1), this equation can be decomposed into three parts:
where w is defined in Eq.(2.10). Note that in the n-dimensional Einstein manifold (N n , γ ij ), we havê
one can show that (6.4) and (6.5) lead to a single equation
by using Eqs.(2.4) and (6.1). Substituting the above equation into (6.3), it becomes
This equation is trivially satisfied by considering the symmetry property of a tensor in the two dimensional space (M 2 , g ab ). As a result, we have the nontrivial equation (6.6) only. In addition, we have from the Bianchi identity for the Einstein spacetime that
We can obtain from the above equation that
This equation will be used to simplify the perturbation of the Penrose wave equation in following subsections.
B. Perturbation of Penrose Wave Equation and Gauge-invariant Variables
Consider the linear perturbation of the Penrose wave equation (6.2), we can have
where Ω M1M2M3M4 = δW M1M2M3M4 , and δC MN L can be found in Eq.(3.22). Obviously, Ω M1M2M3M4 has the symmetry of Riemann tensor inheriting from the symmetry of the Weyl tensor. In this subsection, the indices (M, N, · · · ) should be understood as abstract indices [33] .
In a general case, Ω M1M2M3M4 is not gauge-invariant. To construct gauge-invariant variables of perturbations, let us introduce two null vectors ℓ M and n M so that the metric of the spacetime can be written as
and q MN is the metric of n-dimensional submanifold of the spacetime. For the warped product spacetime we are considering, concretely we have
12)
in the coordinate system {y a , z i }. Note that there is a freedom to re-scale the null vectors {ℓ M , n M } as
where α is a scalar function of the spacetime. However, it is easy to see that such rescaling will not change our results. In this frame, it is easy to find that the nontrivial projections of the Weyl tensor are
is the projection operator onto the n-dimensional Riemannian submanifold (The Einstein manifold (N n , γ ij ) with "radius" r). For the warped product spacetime (2.1), we have 17) where the coefficients c 1 , c 2 and c 3 are given in (2.9), and
Thus the tensor W MN LP can be decomposed into traceless part and trace part, i.e.,
To define gauge-invariant perturbation variables, let us focus on the projections
These two quantities both vanish for the background warped product spacetime. This implies that the linear perturbations of Θ MN andΘ MN are gauge invariant [1] . By the definition of Ω MN LP , we have
where we have defined Ω MN = δΘ MN . Substituting W SLT P in (6.17) into the above equation yields
This indicates that Ω MN is totally tangent to the n-dimensional submanifold, i.e.,
we have
Substituting this into Ω MN , we obtain
Similarly, we can define a gauge-invariant quantityΩ MN by usingΘ MN . Now let us write down the components of Ω MN in the coordinate system {y a , z i }. For the warped product spacetime, the null vectors ℓ M and n M can be expressed as
where ℓ a and n a are the nonvanishing coordinate components of ℓ M and n M . Clearly, ℓ a = ℓ a (y) and n a = n a (y), they are independent of the coordinates z i . The projection operator q M N can be expressed as
By these expressions, we can obtain all the components of the tensors we are studying. For example, Φ MN can be expressed as
and Ω MN has a form
This indicates that components of Ω MN in this set of coordinates are given by
Similarly, we can have the gauge-invariant tensorΩ
Note that Ω MN andΩ MN are both traceless tensors. To see this, let us notice that Weyl tensor obeys, W LMP N g MN = 0. Its perturbation equation is given by
Multiplying ℓ L and ℓ P on both sides of the above equation , we have
This completes our proof. Here we have used (6.17) and the symmetry of Ω MN LP . Using Eq.(6.30), we have from (6.34) that
Now, let us consider another gauge-invariant variable. Taking use of Φ MN , we can construct a tensor as 
Thus we obtain
From Eq.(6.24), we get
Substituting these into Eq.(6.39), we find that C MN can be written as
In the coordinate system {y a , z i }, this gauge-invariant variable can be expressed as
In principle we can construct more gauge-invariant variables by considering other vanishing projections of Weyl tensor. But we limit us to the above three variables, Ω MN ,Ω MN and C MN in this paper. In addition, let us mention here that in fact, these three variable can be expressed in terms of the gauge-invariant variables proposed by Kodama and Ishibashi. This has been shown in Eqs.(A14), (A15) and (A20) in Appendix A.
C. Perturbation Equations of Gauge-invariant Variables
Substituting Eqs.(2.8) into Eq.(6.10), after a long and tedious calculation, we get the equation of component "aibj". The projection of this equation along ℓ a ℓ b is given by
By using Eq. (6.6) and Eq.(6.30) the above equation can be further simplified to
In the spacetime with warp product, one has
For the former two terms in the right hand side of the above equation, we have
On the other hand, for the latter two terms in the right hand side of the equation (6.47), we have
To simplify this expression, let us consider the perturbations of the Bianchi identity (6.8) and
while Eq. (6.50) gives
From Eq.(6.51), we have
From (6.52), we arrive at
where L ℓ and L n are the Lie derivatives along the vectors ℓ a and n a . By using these relations we can obtain
Next let us consider the extrinsic curvature of the n-dimensional submanifold N n (with the "radius" r). The meaning curvature vectors of this submanifold (in abstract indices formalism) [31, 32] :
This meaning curvature vector is normal to the submanifold N n . In the coordinates {y a , z i }, it can be expressed as
Thus the expansions of N n along the normal vectors ℓ M and n M are given by
With these relations we finally obtain the perturbation equation for the gauge-invariant variable Ω ij
where C ij is defined in Eq.(6.44), and∆ L is the Lichnerowicz operator on the Einstein manifold (N n , γ ij ) defined in Eq.(3.11). In the same way we can obtain the equations for the gauge-invariant variableΩ ij
Now, we turn to the variable C MN . To get the perturbation of the gauge-invariant variable, let us first introduce an auxiliary tensor
its "aibj" components can be written as
Another auxiliary tensor H MN is defined as
and its nontrivial components are
Considering the components "aibj" of the equations (6.10) and multiplying ℓ a n b on the equation, we have
Using (6.57) and the definition of C ij , this equation becomes
To simplify this equation, let us first deal with the
The term concerning with the second part of the D'Alembertian is
Note that we have from (6.51)
and from (6.52)
Further using
and (6.6), we find the equation (6.77) can be rewritten as
Thus substituting the above equation into (6.75), we have
Further consider the following relation
we obtain the perturbation equation of the gauge-invariant variable C ij
Equations (6.68), (6.69) and (6.83) are main results of this section. From these equations, we find the gauge-invariant perturbation variables Ω ij ,Ω ij and C ij are coupled to each other. But they will be decoupled in some special cases, for instance, the cases where n = 2 or r is a constant. This will be shown shortly.
D. The decomposition of Ωij ,Ωij and Cij
These three gauge-invariant variables are symmetric and traceless tensors. But in general, they are not transverse free. To see this, for example, we can have from Eq.(A14) that
Clearly it does not vanish in general. The similar holds forΩ ij and C ij . These gauge-invariant quantities Ω ij ,Ω ij and C ij can be viewed as symmetric rank two tensors on the Einstein manifold (N n , γ ij ). Thus according to the decomposition theorem for symmetric tensor in [10] , we can decompose the tensor Ω ij as
where Ω
ij is a transverse traceless symmetric tensor, and the scalar Ω L is the trace part of Ω ij , i.e.,
which is identically vanishing here. The scalar Ω T satisfies∆
where f is a solution of (6.88) and has a vanishing integral on N n , i.e., N n f = 0. Note that the function f always exists as shown in [10] . Finally the vector
i is divergence free, and satisfies the following equation
We can do similar decomposition for tenorsΩ ij and C ij . Taking this decomposition and using Eqs.(A14), (A15), and (A20), we can find the relations between these three gaugeinvariant variables and the Kodama-Ishibashi variables as follows. In the next subsubsections, we will explicitly give the perturbation equations for these scalar, vector, and tensor parts of these Teukolsky-like variables.
Scalar type equation
For the simplicity of those perturbation equations, we rewrite Eqs. (6.68), (6.69), and (6.83) as
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Vector type equation
In the same way as in the previous subsection, we obtain the equations for Ω
i , and C (1) 
Similarly we can arrive at
Note that the Lichnerowicz operator∆ L is present in the above equations, as in (3.10).
E. Some special cases
We have obtained the equations for the gauge-invariant variables Ω ij ,Ω ij and C ij . These equations form a closed system and in general they are coupled to each other. In this subsection, we will show they are decoupled in four dimensions. When r keeps as a constant, these equations are also decoupled.
Four dimensional case
From the relation (A20), we have
Here we have used equations (3.10), (3.15) and (3.20) . In the four dimensional case, the above equation reduces to
Note that in the four dimension case, h
T ij must vanish. This means C ij = 0 when n = 2. Thus, Eqs. (6.83), (6.68) and (6.69) decouple from each other, and only two independent equations remain:
In fact, Ω ij andΩ ij have only vector and scalar components in four dimensions. One can easily get the equations of these scalar and vector perturbations from the discussions in the previous subsection.
Constant radius case
When r is a constant, we have D a r = θ (ℓ) = θ (n) = 0. In this case, Eqs. (6.83), (6.68) and (6.69) are decoupled, and these equations reduce to
respectively. Here we have used the relation (n − 1)K/r 2 = 2Λ/n from Eq.(6.1) and Eq.(2.4). Note that the equation of C ij is independent of the null vectors. As a result, it is quite useful to discuss the stability of this kind geometry in higher dimensions. In addition, let us note that from Eq.(6.112), one can see that C ij does not include vector part. Thus the tensor and scalar parts of Eq.(6.118) have forms
Thus once the spectral expansion on the Einstein manifold (N n , γ ij ) is made, one can easily discuss the stability of such kind of spacetime (n > 2).
Our discussion can be extended to the Einstein-Maxwell theory, and similar equations should exist. Thus one can study the stability of the near horizon geometry of extremal black holes. The discussions in this section support the conclusion by Durkee and Reall in a recent paper [19] .
VII. SUMMARY AND DISCUSSION
In this paper, we have studied the linear perturbations of an (m + n)-dimensional spacetime with warped product metric (2.1). By use of the gauge-invariant variables proposed by Kodama and Ishibashi, we have obtained the most general perturbation equations for these variables, i.e., Eqs. (3.10), (3.14), (3.15) , (3.17) , (3.18) , (3.19) , and (3.20). Here we have used the decomposition theorems of tensors on the submanifold (N n , γ ij ) and spectral expansion method has not been used. These equations are related by the perturbation equations of the Bianchi identity, i.e., Eqs.(3.25), (3.26) , and (3.27).
When m = 2, by using these perturbation equations, we are able to obtain the master equations for the tenor and vector perturbations. The master equation (5.38) for the scalar perturbation can be obtained only in the case without matter sources. In obtaining the master equation (5.38) of the scalar Ω, we have not used the Fourier transformation with respect to the time coordinate in the usual way, instead taken use of the property of the Kodama vector.
By introducing three Teukolsky-like gauge-invariant variables Ω ij ,Ω ij , and C ij and considering perturbation equations of Penrose wave equations, we have obtained the perturbation equations of the three Teukolsky-like variables in the (2 + n)-dimensional Einstein spacetime. The three equations form a closed set of equations. In general the three equations are coupled to each other, and decouple only in some special cases, for instance, in four dimensional case or in the case with a constant warped factor. In particular, we have found that the three Teukolsky-like gauge-invariant variables can be expressed in terms of the Kodama-Ishibashi gauge-invariant variables. This implies that the perturbation equations of three Teukolsky-like gaugeinvariant perturbation variables are equivalent to the perturbation equations of the Kodama-Ishibashi variables [see (6.90) ] . On the other hand, the relations (6.90) between the Teukolsky-like variable and Kodama-Ishibashi variables give the origin of those Kodama-Ishibashi gauge-invariant variables: they all come from the perturbation of some projections of Weyl tensor.
With our perturbation equations of the Kodama-Ishibashi gauge-invariant variables, we have obtained a complete gaugeinvariant theory. We can further make spectral analysis in a natural way. For example, the scalar-type and vector-type harmonic tensors introducing in [14] S i = − 1 kD i S ,
are not necessary in our spectral expansion. Thus some problems concerning with some special modes due to introducing these scalar-type and vector-type harmonic tensors can be avoided. In our mode expansion, for every mode, these gauge-invariant variables always exist and keep gauge-invariant, and those special modes can be easily dealt with. In this sense, our perturbation equations in terms of the Kodama-Ishibashi gauge-invariant variables make the perturbation theory be complete. Let us stress here that we have established the relations (6.90) between the Teukolsky-like gauge-invariant variables and the Kodama-Ishibashi variables only in the case of (2 + n)-dimensional Einstein spacetime without matter sources. At the moment we are not sure whether these relations still valid or not in a general case with matter sources. In addition, It would be great interesting to investigate whether one can construct some gauge-invariant variables from the Teukolsky-like variables, Ω ij ,Ω ij , and C ij , so that corresponding equations for those gauge-invariant variables become decoupled each other.
Finally let us notice that in establishing the perturbations theory of spacetime, the decomposition theorems of tensor plays a crucial role. If (N n , γ ij ) is a closed Einstein manifold, Ishibashi and Wald have given a rigorous proof on these decomposition theorems [10] . However, when (N n , γ ij ) is noncompact, a rigorous proof is still absent for these decomposition theorems, although it is widely believed that these theorems are also valid.
The perturbation of Weyl tensor
With the perturbation of metric g MN → g MN + h MN , one has
and δR MN LP = g SP δR MN L S + R MN L S h SP . Thus the perturbation of Ricci tensor has the form
and the perturbation of scalar curvature δR = g MN δR MN − R MN h MN . The perturbation of Weyl tensor
can be expressed as
For the Einstein spacetime with R MN = (2/n)Λg MN , we have δR MN = (2/n)Λh MN , the above equation is reduced to
Note that one has for Einstein spacetime,
Thus we can obtain
Expressed by Kodama-Ishibashi Variables
Substituting (A1) into (A7), we have
By use of Eq. (2.8), we get the "aibj" components of Ω MN LP
The first equation in (B1) minus the second and the third leads to
One can obtain from the above equation that
By considering the symmetry of Riemann tensor, we can rewrite the above equation as
Substituting Eqs.(6.1) and (A6), we can arrive at the so called Penrose wave equation (6.2) for the Einstein spacetime. In fact, one can also obtain the wave equation (6.2) from the so called de Rham wave equation [26] .
